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Abstract

This study the restricted and consistency of the differences of weighted
composition operators from a — Bloch space to f — Bloch space on open unit
disk. This study has a connection to the topological building of weighted
composition from a — Bloch space to f — Bloch space .
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1.Introduction.

Take R be an open disk in the complex plane @ and H (R) be the class of all functions
analytic on R . The researcher denotes by S(R) the set of all analytic self-maps on R . for
(1+e) € H(R), denote by M., the multiplication operator. For ¢, € S(R), denote by
C,, the composition operators. NING XU and ZE-HUA ZHOU" [17] . The researcher intends
to make few specific changes. Then the weighted composition operator (1 + €)C,, is a
linear transformation of H(R) denote by

(1+6)Cy, f2(2) = (Mrse Cp, )f2(2) = (1 + )(D)f* (9)(2))-
For —1 < € < oo, recall that the Bloch type space B¢, or a — Bloch space, consists of all

f? € H(R) such that
If2le = e (1= 127 [£¥] < oo
It is well known that B¢ is a Banach space under the norm ||f2|lz« — |If2l, = |f2(0)].
The little @ — Bloch B§ is a subspace of B* , consisting of all 2 € H(R) such that

lim
|z| -

For z,( z+€) € R, the pseudo-hyperbolic distance p(z,z + €) between z and z+ € is

given by

L @—lzIHte |f?'(2)| = 0. When e = 0, B is classical space B.

p(Z,Z+€)= |ﬁ
For (1+€ ) € R, Let (14 be the Mobius transformation of R defines by
1+e)—2z
0(1+e)(2) = m

The researcher remarks that p(1 + €,z) = |o14¢)(2)| < 1. For ¢, € S(R), the Schwarz-

Pick type derivative of ¢, is defined by

B (1 _ |Z|2)1+E ,
(Pr(Z) - (1 _ |(prZ|2)1+€ (pT(Z)

The Schwarz-Pick Lemma implies that ||| _— 1 < 0 . Madigan and Matheson [10] proved that
Co
generalized this result [16] to the case of (1 + €)C,,_on B.

. is compact on B if and only if |¢,(z)| — 0 wherever |¢,(z)| — 1. Ohno and Zhao [13]

This study of the difference of two composition operators was started on the Hardy space H?2.
The main purpose for this study is to understand the topological structure of C(H?), the set of
composition operators of C(H?), see [15]. This work gave a relationships between a component
problem and the behavior of the difference of two composition operators acting from B to H* .
After that , such related problems have been studied on several spaces of analytic functions by
many author, see [1,7,4,9,14] for the study of differences of composition operators on various
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spaces. Some related results concerning the differences of weighted composition operators on
various spaces can be founded in, for example,[2,5,6,8].

As an analogue, the topological structure of the set C(B% — Bf) of bounded
weighted composition operators from B* to B can be considered. In this context, we deal
with the differences of weighted composition operators from B* to Bf ¢ when € > 0. The
main purpose of this paper is to express the boundedness and compactness of uC, —
vCy, from B* to BF which generalizes [6]. The authors expect that these results will play
some roles in the succeeding investigation.

For two quantities A and B which may depend on ¢, and ¥, , we use the abbreviation
A<B
whenever this is a positive constant C(independent of ¢, and v,.) such that A < CB. We
write A~B if A S B < A.

2- Basic requirements

The researcher collects some basic properties of functions in B¢ . It is known that the

follows hold (see [16]), for (z,z+€) € R

dire (2,2 +€) = sup{lf?(2) — f2(z + O lIf *llge < 13,
|f2(Z)| < M
(1 —|z[?)¢

The researcher uses the following notion:

(1+6)@=1+)(o,@ 9 (2), 0(2)=

,f2 € B, e>0.

or —Pr(2)
(-7 (@)
_ A —lg @A = 1yl
(-7 @)

7(2)

The researcher remarks that

lop,(z+€)o(z+e)l=0+e)(z+e€), and |t(z)| =1—(1+ 2¢ + €%)(2).
For {z,_¢} € R, denote that ¢, _ = @-(z,-¢) and ¥,, _ = ¥, (z;_¢). The researcher uses
notion oy _., T1_¢ -
Note that

U(z) = (1 -1z u(z), V(z) =1 —1z*)*€ v(2)

Lemmal. [14] Let —1 < e < w. Forall z, (z + €) € R, the Bloch-type induced distance
IS given by

sup / '
bive Gz 4 = oy <q |A= 12D @ = A= Iz + e P @ + o).
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Then
bite(z,z+€)Sp(z,z+€)

—1x|2)€
Remark 1. Particularly, if the researcher takes the function f,2(z) = Ei_lgzl)z)e , h4(2) =

Jy fA@A(Q), then ||h&|lgr+e < 1. From Lemma 1, take x = ,(z + €), the researcher
has that

 d-lp ol
(1 =97 (z+ )Y (z +€))*
= [(1— o (z + E)IZ)E hgor(“e) (pr(z+€)— (A —|o(z+ e)|?)e h<2pr(z+e) (¢ (z + €))

< bise (pr(z+ €)Y (z+€) s (1 +€)(z+e).
The result is right for |1 — 7¢(z + €)] too.
Lemma 2. There exists a constant C > 0 such that for any a, b € R,

’1— |1+ €]?

|1 —1¢(z+¢€)| = ‘1

€

1-1+eb
3- The boundary From B¢ to B spaces
the researcher formulates and prove the main results [17].
Proposition 1. Let ¢, € S(R) and (1 + ¢€),(1 + €) € H(R). Then (1+¢€)C, — (1 +

€)Cy,. is bounded from B'*€(e > 0) to B'*<, in the following conditions hold:

(i) LR 11+0@e,2) — 1 +)@(2)| <.

(i) oo 10 +@e @+ +€e)(@) W, (D) < o,

... Sup
(iii) ZER L(z) < oo,
where

. U(z)-v(2) U(z)-v(2)
L(Z) = min {(1—|(Pr(2)|2)€ ) (1_|1I}T(Z)|2)6 ) |U(Z) |d1+E (Z)lV(Z) |d1+E (Z)}

Proof. For any f2 € B*€ with ||f?]| gi+e — 1 < 0, the researcher has that

1A+ ©¢r(2) — A+ )P ) D) || grse
= |1+ )(0)f2(¢,(0)) = (1 + €)(0)f (1) (0))]
+][((1+eC, — 1+ e)ClpT(fz))”ﬁ
<1(1+6)(0) — (1 + ) (0)f2(e,(0))+
1+ e)O0)[|f>(#r(0)) = F2 (W O)]| + [I( + €)Cp, — A+ OCy, N,
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and

I +exc, - a+eac, ¢,

sup (1—|z]?)t*e ve so!
< er|1+ DG, pmme @ (1= @ 1 @)

G o il i or(2) (1 -
A= lo @I
sup

+, e gl A~ 12D A+ &) @f *(or(2)V
— (1= 1z A+ &' @f 2 (Wr ()

2 |+l

— [P (DD £ ()

First the researcher estimates I,
1< 20 1A+ 0@ () - (1+ @ @I Plgie + o 11+
6) (Z)lpr (2)|b14e, 0r(2)Pr(2))

e 1A+ 0@ (2) - 1+ @ () C L0 11+, @)1+ )(2).

sup

Similarly I < ZSE”% (1 + @), (2) — (1 + €) (), (2) |+ C i

Yr(2)|(1 + €)(2)

[(1+

Then the researcher estimates 11.

sup

< g U@ =V@)F (e @)] + V@D (0r () = £ Wr ()]

sup I Uuz)-v(2)

TZER (1 - (2)]7)¢
sup Uuz)-v(z)

z€R la-Y-(2)]?)¢

+V(z)d(1+ e)(z)l.

Similarly 1T < +U(2)d(1 + e)(z)].

Note

L(z) = mi { 1o P TG
Z) = min (1— e, @)’ A - ¢, (2)]?)e

Consider I and 11, then the proposition holds.

NU@)d1ve DIV (2N d14e (Z)} :
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Proposition 2. Let ¢,., 1, € S(R) and (1 +€), (1 +€) € H(R). Then (1 +¢€)C, — (1 +

€)Cy, is bounded from B**€(e > 0) to B'*<, in the following conditions hold:

i) @ LR l0+0@ep 1+ @ <o b) Lr [0+@nm0+

€)?(2) < oo.
(i) @ oh W(@IA+e3@ <o, (b) oo V@I +e)@) <.

(i) 0 11+ @ (2) + (1+ )@ (2)|(1+ €)(2) < .
Deflnltlon 1. Let {z,,} be asequence in R.
Q) Let D(i1e)p, be the set of all sequences  {z,}such that
|(1 + €)(z) @y (zn)| = 0 when |z, | > oo
(i)  Let Eqi4e),, be the set of all sequences {z,} such that

Ul
(1 - |(pr(Zn)|2)E '

Remark 2. Using these notions, [12] is rewritten that a weighted composition operator
(1+6)C(pr
is bounded from B* to Bf if and only if Dai+e),0, = E(1+e),0, = 0. the researcher wills
characterize the boundedness of (1 + €)@, (z) — (1 + )y, from  B*to Bf under the
assumption

sup U@ |a+e) o and sup V(@) |+ @

ZER (1—|pr(z2)I7)¢ ZER (1—[r(z)|H)e

Theorem 1. Let ¢, € S(R) and (1 +¢€), (1 + €) € H(R). Suppose that the condition
(A) holds. Then (1+¢€)C, — (1+€)Cy, is bounded from B*(e > 0) to BF | in the

following conditions hold:

() Daa+e),or = Darerw,
(ii) S”p R 1+ +p,(z+€) = (1 +e)(z+ e, (z+€)| < o.
(iii) (a) |(1 +E+pz+ll+@ <o () S”p Bl +oe+

E)IIJr(Z + 6)|(1 +€)(2) < oo.
(V) Eu+e) .0, = Eqverp,.
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(v)

(vi)

(i)

A+e)z+e)p(z+e)+V(z+€)a(z+€)

Sup : |U(Zn)-V (zn)]

@ Z€ Eqte) o, 1M 00 (1-|@,(zy)I2)€ . (b)
Sup i |U(Zn)=V (zn)|
Z€ Eqreyp, (1—|zpr(zn)|2)e
sup _
@) 2€ Enye o, MnoelU@)|dare(z) <. (D)

sup _
Z € Ea+e) g, hmn%"lv(zn)'d(ue)(zn) < 00,

Proof. The researcher assumes that B¢ to Bf. In the following we prove (i)-
(iii). Suppose that D(y4¢) 4, = 0. Then (iii) (b) holds. By (iii) of Proposition
2, (iii) also holds. Fix (z + €) € R, let (1+€)(2) = f,2(2)ox(2),then (1 + ¢€) €
B%. Take x=¢,(z+€), €=0. By the estimate on |(1+¢€)p, —
(1+ €)Y, (1 + €)llg, the researcher has

C=

(1-lpr(z+e)D€

—— =—(1+e)z+
(1-prGrea wr(z+e)

o (z+e)Tt e (z+€) —2(6)p,(z+€) 1+ Y, (z+€)1¢(z + €)o(z +

1-lp (2ol
)

1-@r(z+€) Pr(z+e)

Hence

<C+|Viz+e)|(A+e)(z+e€)

Q+e)z+ee(z+e)—(1+e)z+eY,(z+ )t (z+€) —2(e)p,(z+€) (1

1- |l/)r(Z + E)lz
1- (pr(Z + 6) l/)r(z + 6)

(1= lp,(z + O
(1-m@ranG+o)

+e(z+e)t(z+€)a(z+€)

(1)

With condition (A) and the assume of |(1 + €)(z + €)Y, (z + €)| < oo, the researcher has

(1+e)z+e)p(z+e)—(1+e)z+e)y,(z+e)tf(z+€)| <C. (2)
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From Remark 1, the researcher obtains

[A+e)z+e)p(z+e)—(1+e)z+ e (z+e)l
SCH|A+e)z+e(z+e)(1 —1¢(z + €)]
<C, 3
therefore
[(1+€e)(z+ ), (z+ €
<|1+e)z+e)p(z+e)—(1+e)z+ )Y, (z+ €)|
+|(1+e)z+ ey, (z+€)| <C.

Thus the researcher gets G, , = 6 which implies that Dy, C Dj.c, . Similarly, the
researcher can obtains that Dy ¢y, € D1y,

Next suppose that Dy, # 6. Multiply inequality (1) by (1+€)(z + €) and combine
with (i) of proposition 2 , the researcher has that

A+e)z+e)p,(z+e)—(A+e)z+ ey, (z+e)tc(z+€)|(1+€)(z+€) <C.

Therefore, with Remark 1, the researcher obtains

A+e)z+e)p(z+e)—(1+e)(z+ ey, (z+ €)|
<|A+e)z+e6)e.(z+e)—A+e)z+eY,.(z+e)t(z+e)(A+e)(z+

ol + A+ +eow+o|(1-1E+o)||d+aE+e sC.

Combining with (iii) of Proposition (2), the researcher has that

sup

el 40+ e,z +al(1+e)z+e) <o, “THI1+e)(z+ P (z+6)

< 00,

Hence from inequality (1) again, the researcher has that

1+ e)z+e)p,(z+e)—(1+e)z+e)(z+e)tc(z+€)|(1+€e)(z+€) <C.
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Applying Remark 1 again, the researcher has
1+ e)z+e)p(z+e)—(1+e)(z+ ey, (z+€)| <C.

Hence the researcher has that (1+¢€)(z+¢€)p,(z+¢€) = o which implies that
Ditewp, € Diteg,- Similarly, the researcher can proves that Dy, © Di4e .. Hence the
researcher
gets the condition (i)-(iii).

In the following the researcher can proves (iv)-(vi). For f? € g*€, by the triangle,
the researcher has that

1€+ Cy, = A+ Cy, FD) yuse

> |U@)f (o) (@) = V(D f? @) (2)]
= 2l gr+el (1 + )@@y (2) — (1 + ) (@), (2)].

Hence

U@)f* (@) (@) = V(@ f* W)@ < (A +)Cp, = A+ Cy, ()| pure +
Cllf?llgrve - (4)

Consider the function g, defined by g.(z) = and take x = @, (z+¢€), € =0,

(1-Rz)€

then from the up inequality the researcher has that

U(z+e€) 3 V(z+e€) <
1= (ler(z+€)?)e (1-o,z+ P (z+ e))E T

()

: : 2 _ (=)
Consider the function ff = RS

and take x = @, (z+¢€), € =0, similarly the

researcher has that

U(z+e) Yt (1= Uer(z+e)D*)°

(1 — (pr(z+ 6))2) (1 - (z+ )Y (z + e))e

<C. (6
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1-(lpr(z+e)D?
1-@r(z+e)Pr(z+e€)

€
By (5) which multiplied with | and (6) , the researcher has that

U(z +e)| & - - —|=c 7)
(1-pG+ow+e) (1-(oz+))
similarly, the researcher has that
v+l - - - ‘ <c. ®
(1-mGtowete) (1-(pe+re)) | ~
From inequalities (5) and (7), the researcher has that
1U(z) —V(2)] _1 | = C. €))
(1-oGHoa e +o)

First, suppose that E(1 4¢),,, = @. Then by (9) and Lemma 2. the researcher obtains that

1
(1-oGronE+e)

Apply Lemma 2 again, the researcher has that

V(z+e€) < oo.

1
(1 — (l/)r(Z + 6))2)6

sup
z€R

< 00,

Which implies that E;.¢) 5, = 0. and let {z(1+6)} € E(116),0,- BY (5), the researcher gets

1
[V(za+e)] —— —| — oo,
(1 - (pr(Z + 6)1/)r(Z(1+E)))
Then from (8), the researcher gets that
1
[V(za+e)| — 0.

(1~ (W Gase)))?)
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This mean that £, C Ej,cq, .Similarly the researcher obtains Ey.c € Eq4¢,- Then
the researcher obtains the condition (iv).
Combing (5) and (6), for {z(14¢)} € Eca4e)0, »
2 €
1 (1 - |(pT(Z(1+6))| )

lim |V (z(146)| -1 - -| <
e 1 (1 - (pr(z + e)lpr(z(lﬂs))) (1 - (Pr(Z + 6)¢r(z(1+e)))

Thus the researcher gets

(1 - |‘Pr(Z(1+e))|2)€
(1- 9+ W (z100)

- 1. (10)

By (7) and (10), for all {z;+6)} € E146),4,. the researcher has that

1
ell)nolo 1U(z14¢) = V(2146 e S C.
(1 - |§0r(Z(1+e))| )

Similarly, the researcher obtains

lim [U(z1) — V (2120 —=cC an
e (1 - |lllr(Z(1+€))| )

Thus the researcher gets the condition (v).
From (4), the researcher obtains that there exists a positive constant C such that for any

{za+e)} € Eqreyp,, and any f2 € 1€ with | f2]g1ve < 1,
EILI}}O |U(Zl+e)||f2(<pr)(zl+e) - fz(lpr)(zl+e)| < C.

Therefore, the researcher gets

sup

{Z(1+6)} (= E(1+6)’(pr 1im€—)00|U(21+6)|d1+€ (Z1+6) S C'

Hence condition (vi) holds.

Conversely, the researcher supposes that the condition (i)-(vi) hold. Let 0E;,., ¢, be
the set of the cluster points of each {z1e)} € Eqie)g,- Then 0E;ie, ¢, € OR. There
exists a constant M; > 0 and a compact subset N of R such 9E; ., ¢, € N,
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1
e U@ - V() e+ ey
(1 = |or(za+0) )

V(2)la,, (2) <My,

and

sup

e W@ -V gy

)E+ZEN

> U(2)|q,,, (2) < M;.
(1 = [ (za40)|

On the other hand, there exists a constant M, > 0 such that

“my WO ———+ gy WEl—
Z € Z € =
zER/N (-lorzaro))” Z € RIN (1-Wr(zase)l’)

Then the researcher obtains that for My = {M;, M},

sup

s RL(Z) < M,.

Hence, by proposition 1, (1 + €)C,,, — (1 + €)Cy,_ is bounded from B to BE.
4- Results
1- The weighted operator (1 +€)C,, is compact from B* to BF if and only
Ga+ep, = Gare,p, = 0.
2- To characterize the compactness of (1 + €)C, — (1 + €)Cy, from B* to BE, the
researcher needs the assumption

[U(Zn)|on [V(Zn)|pn
(1_|§0rn|2)€ - O a d (1_|wrn|2)e - 0
5- Recommendations

1- The researcher supposes that uC, — vCy, is compact from B¢ to BF. Consider
the function defined by f2,(z) = fbf(z)(a;”(z) — Mk a,,’ﬁ(z)), for € R and

nonnegative integers k, m withm > k > 1.
2- The researcher supposes that C,, , # @ and let {z,} € C,, . Then

|u(Zn)§0r(Zn)0'7%| = |u(zn)§0r(zn)|przl - 0. Implies that Pn 0
or
Ipil =1— 1,0 = 1.
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